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Now we fix an arretation for V given by the ordered on
e, --- , Ek

Put T = (F* cell--- Cert E EndISI
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Dirac operator , spin manifold and Lichnerowic
formula

E Dirac operativ
Recall : Riemannian geometry

(X , gTX) a Riemanian manifold
↑ Riemannian metric

/ief : Levi-Civita comation
TX

is the unique
connection on TX Sit.

① Zuclidean : XTX preserves gTX
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Def : Riemanian curvature tensor RTX ④

RTXI , VIW = DTEW-DDW-DSW
DT
*
X the commention on T

*

X induced by Levi-Covita

cometre JTX
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*
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on 1 T*X

do 2X) has a formula :

Sp : D

if Stil is ONB of (TX , gTX)
d = zeiT
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i induced by Levi-Civita connection

② (Cartsn formula) For VE PCTX
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Lv2 :=24 =
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differmplime of X
Then Luf = VifI for

generated by V.
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1 inner induct/contraction
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Let : (X
, gTX) Orreated Riemanian ufd of dim n

Riemannian volume form
dim := ex ---Neh

Sej3 attonormal local frame (TX ,gTX
avrented

drix E O2"(X) and it defines a positive
measure on X.



Lief : (E
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<S . S2] : = SxhE(Six , Sacx) dVcx/
EIX

, El = completion of
CX

. El w. r .t . <1)

separable Hilbert space.

Now we switch to define Dirac operator
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, gTX (

Let : The Clifford module CCTX) is the rector bundle

on X s .t
. CCTXx = C (TX)
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Symbol map

3 : CITX -> NT
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now is an ecomoplis ofretor bundles on X
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*
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on NT

*

X
.

rj = - <V , ujgTX
Since DTX preserves giX



y* (3) = (D) vj + -(**j) ⑥
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=
- W(j , yj)gTX

The definition (*1 preserves the Clifford relation.
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*
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⑰
-inition :Def
① A vector bundle E on X is a Cofford module

ofI a CCTX)- action

&(X , CITX) x CX ,El - CIX , El

Ca , 5) ↳-> CCa) ·S

A superbundle E = ETBE on X is a

difford module ifE is a Clifford module
& FrETX

corn exchanges Et & E-E2-graded Clifford module

② Let hE = ht he be Hermitian metric on

En-graded Afford module E = ETBE- on X

Then we call (E , hE 1 to be self-ady of
FrETX cr1

*
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A cdy of CO w. r . t hE

③ A connection ME on CE
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Clifford connectionif Fa (X
,
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& : DE has to preserve the Splitting E = ET DE-

:.e . YE = DETOpE



Ex : (NT
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*
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a Self-cij . En-graded Clifford module
with difford connection.

Let (Dirac operator (
Given (E

,
LE
,
YEl E2-Chfford

@ ME is Herritian
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The Dircu operator DE associated with DE is

defined as
DE :=ce ↓ G(X
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sezm any local otonormal frame of CTX ,g
We denote
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EF)
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Example : de Rham-Dirac operator (X
, gTX) orented

Riemanian
d : v

:

(x) -> 2:
+

7(X) rfd.

<2
Meh product on MCX)

,
dux volume

form.

&* format adjoint of d w
. r .
t

.

C,
that is

,
d* is a differential up .

S .
t.

Va
, peri(X)

<d
*

2
, ( ,u = < , de
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